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                            Abstract 

 
A study of the theory of computation encompasses mainly two aspects: the 

study of the computability or computational hardness of certain problems, 

and the design and analysis of algorithms for computational problems. The 

problems discussed in this thesis are two fundamental problems of 

algorithmic graph theory for which “efficient” algorithms have been known 

for a long time. Hence, the task is to try and design algorithm that improve 

upon the complexity of existing algorithms. Consequently, our thesis will 

deal entirely with the second of the two aspects mentioned above, namely 

the design and analysis of efficient algorithms.  

 

Dijkstra’s algorithm for the Single Source Shortest Path problem was found 

to be inherently as hard as sorting, and hence the non-existence of a linear-

time general sorting algorithm precluded a linear time implementation of 

Dijkstra’s algorithm for general graphs. The resultant search for an 

algorithm that deviated in certain aspects from the one by Dijkstra, led to the 

invention of the Hierarchy-based approach. The Stratified Hierarchy 

approach was developed to overcome certain shortcomings of the earlier 

version of the hierarchical approach. We explore the Component Hierarchy 

model, and also the recently developed Stratified Hierarchy model.  

 

Randomization has long served as an effective tool for serving the twin 

purposes of simplicity and efficiency. Indeed, the use of randomization has 

become indispensable for many algorithmic problems. A drawback stated 

regarding randomized algorithms is the convoluted analysis that is required 

in certain cases for computing the high-probability or the worst-case running 

time. The Minimum Spanning Tree problem, and its twin problem- the 

Minimum Spanning Forest problem have traditionally been approached 

through greedy, deterministic algorithms. We explore the use of 

randomization in the context of the minimum spanning forest problem, and 

analyze the running times of the resulting algorithms for various cases, such 

as expected-time, worst-case, and high-probability analyses.  
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      Chapter 1 

 

         Introduction 
 

The shortest path and minimum spanning tree problems are two of the oldest 

problems of algorithmic graph theory. The minimum spanning tree problem, 

the first generally accepted solution of which was provided by Boruvka in 

1926, originated independent of graph theory. The most well-known solution 

for the shortest path problem was provided by Dijkstra in 1959. Surprisingly, 

until recently Dijkstra-based algorithms continued to be the most efficient 

algorithms for solving the different variations of the shortest path problem.  

 

Dijkstra [Dijkstra 59] originally proposed an O (m + n log n) solution to the 

undirected Single Source Shortest Path Problem (SSSP) with non-negative 

edge weights. To solve the more complicated All Pairs Shortest Paths 

Problem (APSP), one can independently apply Dijkstra’s SSSP algorithm to 

each of the n vertices, thereby obtaining a running time of )log( 2 nnmnO  .  

Johnson [Johnson 77] proposed an O(mn) time algorithm to convert an 

algorithm running on graphs with non-negative edge weights to one 

compatible for general graphs. Using this, Dijkstra’s algorithm can be used 

to solve the APSP problem on undirected graphs allowing for negative edges 

in )log( 2 nnmnO  time.  

 

For the minimum spanning tree (and the related minimum spanning forest) 

problem, Boruvka’s algorithm [Boruvka 26] provides a worst-case running 

time of })log,(min{ 2 nmnO . A number of greedy approaches exist for solving 

the minimum spanning tree problem. These include the standard algorithms 

of Kruskal [Kruskal 56], Prim [Prim 57], and the reverse-delete algorithm. 

There exist two fundamental properties of minimum spanning trees, namely 

the Cycle property and the Cut property. These are very fundamental 

properties and are in fact, complete in themselves. (These correspond to the 

Red rule and the Blue rule in [Tarjan 83].)  

 

We describe the use of randomization in solving the minimum spanning tree 

(MST) and minimum spanning forest (MSF) problems. Randomization is 

used in a random sampling step designed to eliminate edges that can not be a 

part of the MST. The use of randomization leads to algorithms having an 

expected linear running time, with an exponentially small probability of 
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having a larger-than-linear running time. We give a detailed worst-case, 

expected-time and high-probability analysis of the algorithm due to Klein 

and Tarjan [KT 94]. Karger, Klein and Tarjan [KKT 95] modified the 

algorithm in [KT 94], contributing to a more streamlined analysis while 

retaining the running times achieved in [KT 94]. We also present a worst-

case and expected-time analysis of the algorithm in [KKT 95].  

 

 

Thorup introduced what is known as the hierarchy-based approach to the 

shortest path problem. He originally proposed a linear time SSSP algorithm 

for undirected positive integer-weighted graphs [Thorup 99]. Subsequently, 

Hagerup [Hagerup 00] developed the hierarchical model further through 

modifications in Thorup’s approach. Recently, Pettie and Ramachandran 

[Pettie 03] used the hierarchical method to develop a All Pairs Shortest Path 

(APSP) algorithm that runs in )loglog( 2 nnmnO  time. This improves upon 

the long-standing bound of )log( 2 nnmnO   obtained using an 

implementation of Dijkstra’s algorithm using Fredman and Tarjan’s 

Fibonacci heaps [FT 87]. We introduce the so-called component hierarchy 

(CH) model. We also describe Throrup’s approach leading to a preliminary 

shortest path algorithm. We introduce the concept of stratified hierarchy 

used in the Pettie-Ramachandran algorithm, while emphasizing on the points 

of difference between the two approaches- Thorup and Hagerup on the one 

hand, and Pettie-Ramachandran on the other.  

 

 

1.1 Organization of the thesis:  

 

We present an introduction to the Shortest Path Problem in Chapter 2. We  

prove simple results on the properties of shortest paths, and analyze the 

standard algorithms of Dijkstra and Bellman-Ford. We then proceed to an 

introduction of the Minimum Spanning Tree and Minimum Spanning Forest 

problem. In Chapter 3, we present results on the same and describing three 

greedy approaches to solving the Minimum Spanning Tree problem. Next, 

we return back to the Shortest Path problem; in Chapter 4, we introduce and 

analyze the Component Hierarchy model of Thorup for undirected integer-

weighted graphs in the RAM model, which has since its invention attracted 

huge attention with respect to the Shortest Path problem. After presenting 

Thorup’s preliminary algorithm, we move over to the case of real-weighted 

graph and the comparison-addition model to introduce the recently 

developed Pettie-Ramachandran approach. We compare and contrast the two 
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approaches to the shortest path problem. Finally, in Chapter 5, we present 

the use of randomization in the MST and the MSF problems. We describe 

and analyze two randomized algorithms that have a linear expected running 

time, before concluding with some open problems.  
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                                          Chapter 2 
 

                   Introduction to the Shortest Path Problem 
 

2.1 Introduction 

 

Problem specification: For a graph G =(V,E), we have |V| = n, and |E| = m; 

in other words, we assume that the graph has n vertices and m edges. For 

general graphs the weight function w: RE  , assigns real-valued weights to 

all edges e  E. The weight function may also be constrained, as to only 

assign non-negative weights or integer-valued weights.  

 

The single source shortest path problem features a distinguished source 

vertex, Vs . The aim is to find the shortest path from s to every vertex of 

the graph and in the process determine the shortest distance d (s, v) for all 

Vv .  

 

The all pairs shortest paths problem requires the determination of the 

shortest path from every vertex of the graph to every other vertex (provided 

a path does exist). A simpler version of the problem, known as the All Pairs 

Distance (APD) problem requires the determination of the shortest distances 

d (u,v) for all u, v  V. The solution to the APD problem is generally given 

in the form of the nn  distance matrix, D, where D[i,j] = d (i, j) for all 

Vji , . 

 

 

2.2 Single Source Shortest Path (SSSP) problem  

 

We are provided with a weighted directed graph G = (V, E, w), having 

weight function ,  :w RE  which assigns real-valued weights for all .Ee  

The weight of a path p is given by the summation of weights of all edges 

constituting the path, i.e. for .),(   w(p),,...,,
1

110 



k

i

iik vvwvvvp   

 

A shortest path from vertex VvVu   vertex  to is a path from u to v such that 

no other path from u to v has a lesser weight. The weight of any shortest 

path from u to v is known as the shortest path weight from u to v, and is 
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denoted by d(u,v). i.e. d (u,v) = min{w(p): p is a path from u to v} if there is 

a path from u to v, and is otherwise.  

 

In the SSSP problem, we are also provided with a distinguished source 

vertex, ,Vs from which the shortest paths to all other vertices are to be 

determined.  

 

 

2.2.1 Properties of shortest paths  

 

1. Optimal substructure of shortest paths: Any subpath of a shortest path 

is itself a shortest path, i.e.  kvvvvp ,...,,, if 210 is a shortest path from 

,  to0 kvv and let   jiiij vvvp ,...,, 1 be the subpath of p from ,  to ji vv then 

ijp is itself a shortest path from .  to ji vv  ( The reasoning is simple: if 

ijp was not a shortest path from ,  to ji vv then we could obtain a path 

from u to v, which is shorter that p by using a shortest path from 

,  to ji vv instead of using .ijp ) 

2. A shortest path can not contain any cycle.  

The case for positive weight cycles is clear. We can get a shorter path 

from a path that contains a positive weight cycle by simply removing 

the cycle. On the other hand, if a negative weight cycle happens to be 

in the path from the designated source vertex to a particular 

destination vertex, then we can obtain a path of arbitrarily small 

weight by traversing the negative cycles as many times as desired. 

Hence,  in such cases, the shortest path length is taken to be 

undefined.  

 

From the above, we observe that in the absence of cycles, the 

maximum number of edges possible in a shortest path between any 

two vertices is |V| - 1.  

 

3. Relaxation technique: This is a standard technique used in shortest 

paths algorithms which start at an arbitrarily large estimate for the 

shortest path distance, and subsequently use relaxation to iteratively 

improve upon previous estimates.  

 

Let the shortest path distance estimate for vertex v (the source vertex 

would be taken as s unless otherwise specified) be D(v). Relaxation 
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consists of examining an edge adjacent to the vertex v to explore the 

possibility of improving D(v) through the inclusion of that edge in the 

shortest path.  

i.e. if ),(),()( vDvuwuD  then we can improve upon our estimate of 

D(v) by setting it to be D(u) + w(u,v) and assigning u to the 

predecessor of v in the current estimate of the shortest path.  

 

 

We will now examine two standard textbook algorithms for the SSSP 

problem- the ones due to Dijkstra and Bellman-Ford.  

 

 

2.3 Dijkstra’s algorithm 

 

Dijkstra’s algorithm operates on non-negatively weighted graphs and 

proceeds by iteratively adding a vertex to the set of “visited” vertices. The 

set of visited vertices, denoted by S (initially containing just the source 

vertex, s), represents the set of vertices whose optimal shortest path 

distances have been computed. For the purposes of computing the shortest 

path distances, a tentative distance estimate D(v) is kept for each vertex 

.Vv  Hence, the above statement can be rephrased as: 

).,()(, vsdvDSv  The estimate D(v) provides an upper bound for d(s,v) for 

all vertices .Vv  For ,Sv D(v) represents the shortest distance from s to v 

in the sub-graph induced by }.{vS   

 

We may state the above in the form of an invariant, which we will call 

Dijkstra’s Invariant.  

 

Dijkstra’s Invariant:   
)},(),({min)( , and ),,()( , vuwusdvDSvvsdvDSvFor Su    

 

A new vertex, SVv  is added to S if it satisfies the first condition of the 

invariant, i.e. D(v) = d(s,v). Dijkstra’s algorithm proceeds by selecting the 

vertex v that minimizes0 D(v). This criterion for selection of v ensures that 

the first condition of the invariant is satisfied. Naturally, the addition of 

vertex, v to the set, S may invalidate the second condition of the invariant. 

Hence, to ensure that the second condition also holds true all outgoing edges 

(v,w) from the newly added vertex, v are relaxed by the procedure: D(w) = 

min{D(w), d(s,v) + w(v,w)}. 
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Dijkstra’s algorithm terminates when S=V, implying that the shortest path 

distances have been computed for all vertices .Vv  The correctness of 

Dijkstra’s algorithm follows from the step used for selection of a vertex, 

SVv   to be added to S. By selecting the vertex, SVv  that minimizes 

D(v) [and by extension d(s,v)], we ensure that 
. ),(),(),()( SVuvuwusdvsdvD   

 

Remarks on Dijkstra’s algorithm:  

 

1. The correctness proof for Dijkstra’s algorithm implicitly points to the 

existence of “Dijkstra-like” algorithms which follow a different 

procedure for adding vertices, SVv  to S while still preserving 

Dijkstra’s Invariant.  

2. Dijkstra’s algorithm can be considered as an accurate model for the 

physical process of water flow through a network of nodes. The 

weight of an edge is proportional to the time taken for water to flow 

through the edge. The set of visited vertices, S corresponds exactly to 

he set of nodes where the water has reached. The path followed by 

water to reach a node for the first time corresponds to a shortest path 

for that vertex. During the execution of Dijkstra’s algorithm, we are 

implicitly at time ).,(max vsdSv  

3. There are two major operations in Dijkstra’s algorithm which 

contribute to its time complexity. First, the 1n times that we add a 

vertex from SV  into S. 

Second,  the at most m times that we decrement some D(w) through 

relaxation.  

 

 

2.3.1 Implementation of Dijkstra’s algorithm 

 

Dijkstra’s algorithm experiences an inherent sorting bottleneck due to the 

sorted order in which the vertices are visited. A straightforward 

implementation would lead to a time complexity of ),( 2nO which is optimal 

for dense graphs. Using Williams’ binary heap we get a running time of 

).log( nmO Using Fredman and Tarjan’s Fibonacci heaps we obtain an 

asymptotically optimal time complexity for comparison-based models, 

).log( nnmO  In the general comparison-based model, Dijkstra’s algorithm 

requires )log( nnm  time in the worst case.  
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2.4 Bellman-Ford algorithm 

  

The Bellman-Ford algorithm runs on arbitrarily-weighted graphs unlike 

Dijkstra’s algorithm. It can also be used for the indication of the presence of 

negative weight cycles in the graph.  

 

The algorithm proceeds by relaxing each edge, 1-n ,Ee times. At the end of 

the n-1 iterations the estimate D(v) for each vertex ,Vv corresponds exactly 

to the shortest distance d(s,v), provided the graph does not contain any 

negative weight cycles.  

 

For detection of negative weight cycles, the algorithm checks for the 

violation of the triangle inequality over all edges, .Ee  In other words, if at 

the end of n-1 iterations, the condition 

,),(any for  satisfied is ),()()( EvuvuwuDvD  the algorithm indicates the 

presence of a negative weight cycle in the graph.  

 

Remarks on Bellman-Ford algorithm: 

 

1. The correctness of Bellman-Ford algorithm is easy to analyze. As 

indicated in an earlier section, the maximum number of edges in any 

shortest path is n-1. Consider a shortest path consisting of exactly one 

edge i.e. one of the form (s,v) for some }.{sVv  After exactly one 

relaxation of the edge (s,v) (in the first iteration) we get D(v) = d(s,v). 

Subsequent iterations of the algorithm fail to have any effect upon our 

estimate, D(v). Similarly, consider the case of a shortest path 

containing exactly k edges. We will assume that at the end of k-1 

iterations, all shortest paths consisting of k -1 or lesser edges will have 

been determined (Induction Assumption). Consider a shortest path to 

a vertex, ,Vv containing exactly k edges. Since every subpath of a 

shortest path is a shortest path in itself, and each of the subpaths 

contain k-1 or lesser edges, the estimates D(u) for each vertex, u lying 

in the shortest path to v would be equal to the shortest path distances, 

d(s,u). Hence, by relaxation in our thk  iteration, we can determine 

exactly all shortest paths containing exactly k edges. The bound on the 
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maximum number of edges in a shortest path (n-1) ensures that we 

need only n-1 iterations.  

 

2. The time complexity of the Bellman-Ford algorithm is O(mn). This is 

due to the n-1 iterations involving the relaxation of m edges in each 

iteration. It can be easily shown that the time complexity is actually 

O(hm) where h is the maximum number of edges in any shortest path.  
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     Chapter 3 
 

    Introduction to the Minimum Spanning Tree Problem 
 

3.1 Introduction  

Problem specification: We are given a weighted connected graph G = (V, E, 

w), (with |V|=n, |E|=m, and the weight function can be assumed to assign 

real values to edges i.e. ).: REw  We are required to find a minimal subset 

of edges from E that connects the graph and has a minimum total weight. 

(Here, weight of the subset of edges is the sum total of weights of individual 

edges belonging to that subset).  

 

In other words, we are supposed to find the spanning tree (as evidenced by 

the minimality and connectivity conditions) of G of minimum total weight.  

 

Remarks: 

 

1. By minimality, we mean that no proper subset of the edges of the 

Minimum Spanning Tree (MST) forms a connected graph.  

2. The conditions of minimum total weight and connectivity of all 

vertices, by themselves eliminate the possibility of cycles (since 

cycles only add to the total weight without a corresponding 

“improvement” in connectivity) and thus ensure the condition of 

minimality.  

3. The condition of minimum total weight may point to the addition of 

individual edge weights in order to determine the MST. In practice, 

however the approach to finding an MST does not entail the addition 

of individual edge weights. This would be clarified when we examine 

the algorithms for computing minimum spanning trees.  

 

For a graph, G with |V|=n, the number of edges in a spanning tree is equal to 

n-1. We would first define a few terms related to spanning trees. 

 

Branch: All edges, ,Te (where T denotes the spanning tree) are known as 

branches corresponding to the spanning tree, T. 
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Chord: All edges, ,Ee which are not part of T, i.e. ,Te are known as 

chords of T. 

 

Please note that all spanning trees have n-1 branches and m-n+1 chords.  

 

Distance between spanning trees: The concept of distance can be applied to 

spanning trees as well. The distance between two spanning trees, , and  ji TT  is 

defined as the number of edges that are present in one but not in the other, 

and is denoted by ).,( ji TTd  

 

Note the symmetry in the definition of distance between two spanning trees, 

i.e. ).,(),( ijji TTdTTd   (This fact is easily proven: Let k be the number of 

common edges between ; and  ji TT then knTTdTTd ijji  1),(),( (since all 

spanning trees have exactly n-1 edges).) In fact, the distance between two 

spanning trees additionally satisfies the conditions of non-negativity and 

transitivity, and hence is a metric.  

 

Fundamental circuit: Addition of any edge, ,Ee to a spanning tree produces 

a unique cycle. This is known as a fundamental circuit.  

 

Cut ( or cut-set or minimal cut-set) is a minimal set of edges whose removal 

disconnects G. (By minimality, we mean that the removal of no proper 

subset of a cut can disconnect G; or in other words, a cut always “divides” a 

connected graph into exactly two connected components and reduces the 

rank by one.) We represent a cut by ),( XVX  where VX  (thus denoting 

the unique set of edges that crosses from one set of vertices to another). 

 

We now come to a highly useful technique for generating a new spanning 

tree from a given spanning tree. This method, known as cyclic interchange 

or elementary tree transformation, is a very handy approach for proving the 

correctness of various MST algorithms and related proofs. The method 

entails the addition of a chord to a spanning tree, followed by deletion of an 

edge of the original spanning tree that forms a part of the resultant 

fundamental circuit.  
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3.2 Properties of Minimum Spanning Trees 

 

Now that we are acquainted with the basic terminology, we will proceed to 

two fundamental properties of minimum spanning trees: the cut property and 

the cycle property.  

 

 

 

 

3.2.1 The Cut Property:  

 

The unique lightest edge crossing any cut (X, V-X) is contained in all 

minimum spanning trees of G.  

 

Proof: Assume that there exists a minimum spanning tree, T of G such that 

the lightest edge crossing the cut (X, V-X), say e, is not a part of it. Now, 

since T is minimally connected exactly one edge crossing the cut (X, V-X), 

say f, is part of T. We apply the “exchange” argument here. Add edge e to T. 

Now, a cycle is formed containing f. If we remove edge f, we obtain a new 

spanning tree with lesser weight than T (since edge e is lighter than f). 

Hence, we conclude that e must be a part of every minimum spanning tree of 

G. 

 

3.2.2 The Cycle Property:  

 

The unique heaviest edge of any cycle of G can not be a part of any 

minimum spanning tree of G.  

 

Proof: Assume that the heaviest edge of some cycle, C, say e, is part of a 

minimum spanning tree, T of G. On removing edge e from T, we obtain a 

forest consisting of two connected components. Let the resultant vertex sets 

be denoted as (X, V-X). Now, there needs to be at least one edge of C, say f, 

that is not part of T and also crosses the cut (X, V-X). On “exchanging” e for 

f, we obtain a new spanning tree of lesser weight (since f is lighter than e). 

Hence, we conclude that e can not be a part of any minimum spanning tree 

of G.  

 

We now prove a useful result characterizing minimum spanning trees 

through our “exchange” argument.  
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Lemma 3.1: A spanning tree, T of a weighted connected graph, G is a 

minimum spanning tree if and only if there exists no spanning tree at unit 

distance from T having a weight lesser than that of T.  

 

Proof:  The “only if” part is true by the very fact that T is a minimum 

spanning tree of G.  

Now, to prove the “if” condition, we will again utilize the “exchange” 

argument. Let 1T be a minimum spanning tree of G. We will prove that the 

weight of T is equal to that of 1T . Consider an edge, 1e of 1T which is not 

contained in T. By adding 1e to T, we create a cycle, say C, in which all 

edges have weights lesser than or equal to 1e  (by the condition on T; i.e. 

w( 1e )w(e)). We now remove an edge belonging to C, say e, which is not 

contained in 1T , and which when added to 1T creates a fundamental cycle 

containing 1e . By “exchanging” 1e  for e, we generate a new spanning tree of 

weight no lesser than 1T . Hence, we have w( 1e )w(e). Hence, we have 

generated a new spanning tree ( T-e+ 1e ) from T, having the same weight as 

T (since w( 1e ) = w(e)), and at a unit distance closer to 1T  than T. The new 

spanning tree also satisfies the condition of the lemma, and hence we can 

iteratively generate spanning trees of equal weights closer to 1T  until we 

obtain 1T itself, thus proving the condition of the lemma. 

 

 

3.3 Greedy algorithms for the MST problem   

 

 A greedy algorithm is one that makes a series of myopic decisions for sub-

problems (decisions that look best at the moment) in order to find a globally 

optimal solution.  

Problems where the greedy strategy works, typically display a structure 

where local optimization for each of the sub-problems eventually leads to 

the global optimum.  

 

We now discuss three standard greedy strategies for solving the MST 

problem. Each of these differs in the criterion used to add or remove an edge 

in order to generate the MST.  

 

3.3.1 Kruskal’s Algorithm  

 

We apply the greedy approach by repeatedly selected a successive edge from 

a list of edges in sorted order, selecting those edges that do not form any 

cycle with the previously selected edges. Thus, at the beginning of the 
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algorithm, we have n maximally connected components (each one being a 

single vertex), and in each iteration, the number of maximally connected 

components decreases by one.  

 

 

3.3.2 Prim’s Algorithm 

 

Prim’s algorithm works in a method similar to that of Dijkstra’s SSSP 

algorithm. As opposed to Kruskal’s algorithm, here we grow a single tree by 

successively adding the minimum weight edge having a single end point in 

the tree.  

 

3.3.3 Reverse-Delete Algorithm  

 

This algorithm starts with the entire set of edges, and successively deletes 

edges in decreasing order of length until the deletion finally disconnects the 

graph. ( only those edges that do not cause disconnection of the graph are 

deleted; the algorithm terminates when there remain no such edges.) 

 

We note here a divided-and-conquer scheme for producing MSTs, which 

makes use of the Cut Property. Generate a cut of the vertex set into two sets 

differing in cardinality by at most one. Find the MST for each of these 

subsets recursively. Add  a light edge crossing the cut to connect the MSTs 

obtained for each of the subsets.  
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                                  Chapter 4 
 

      The Hierarchical Approach to Shortest Paths  
 

4.1 Introduction to the hierarchical approach  

 

The basis of the hierarchy-based approach can be traced back to a simple 

idea postulated by Dinic, in which he said that one could use the fact that 

),( vul  ,t where t is the smallest edge length. Using t as a lower bound on 

edge length, rather than the trivial zero bound of Dijkstra’s algorithm, we 

can grow the set using all those vertices, v minimizing  ./)( tvD   

 

Thorup extended this idea by using multiple such values for t by breaking 

down problems into smaller independent sub-problems. We can view the 

breaking down of a problem into smaller independent sub-problems as 

follows.  

 

Consider a partition of vertex set, V into , and 21 VV such that all edges passing 

between , and 21 VV have length at least t. Also consider three processes 

. ,  21 hpandpp Here hp is a high level process, while 
1p and 

2p are lower level 

processes working on independent smaller problems. When hp  passes a real 

interval, say [a,a+t) to 
1p , it visits all vertices 

1Vv , such that d(s,v)[a,a+t). 

Similar is the case with 
2p .  

 

Such a division of vertex set V enables 
1p and 

2p to each work on 

independent problems. This can be clearly observed: Assume, for the sake of 

contradiction that the shortest s-to-v path for a vertex, 
1Vv having 

d(s,v)[a,a+t) passes through a vertex, ,2Vu having d(s,u) [a,a+t). Now 

since all edges passing the partition have length at least t, we conclude that 

d(s,v)[a,a+t). Hence we arrive at a contradiction proving that 
1p and 

2p indeed work on independent sub-problems.  

 

Now, hp can pass intervals successively as [0,t), [t, 2t), [2t, 3t) and so on 

until all vertices are visited. We note that the above characterization of 

breaking of a problem into independent smaller sub-problems is not entirely 

accurate, and that the situation encountered in the hierarchical algorithms, 

though a variation of this approach, is considerably more complicated. In 
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particular, the vertex set, V is partitioned into a larger number of disjoint 

subsets rather than just two; the lengths of edges passing the partition can be 

lower bounded in only one direction ( that is, if we have the partition 

, and 21 VV  then we can only lower bound the lengths of edges passing from 

21   toVV , and not the other way round). Further, implementing the hierarchical 

approach is a tricky part that needs to be addressed efficiently.  

 

 

4.2 Thorup’s approach to the SSSP problem 

 

The correctness of Dijkstra’s algorithm is based on the simple fact that for 

the vertex, SVv \ minimizing D(v), we have D(v) = d(v). This follows 

directly from the definitions of S and D. There is another simple lemma that 

may be obtained through an analysis of Dijkstra’s algorithm: min D(V\S) = 

min d(V\S) is non-decreasing.  

 

Thorup’s approach makes use of an array of buckets to place the vertices, 

SVv \ , such that for all vertices, u belonging to the bucket with the 

smallest index, we have D(u) = d(u). Hence, we can add to the set, S all such 

vertices. We will now present a lemma that will pave the way for a 

preliminary algorithm [Thorup 99]. 

 

Lemma 4.1. Suppose the vertex set, V divides into disjoint subsets 

kVV ,...,1 such that all edges between any of the subsets have length at least L. 

Consider the set, Q of vertices, SVv i \ , },...,1{ ki minimizing D(v) for that 

particular set. All such vertices, Qv which lie within an additive L of min 

D(V\S) can be added to the set S. In other words, if for some Qv , 

LSVDSVDvD i  )\( min)\( min)( , then D(v) = d(v).  

 

The proof follows directly from the fact that D(v) lies within an additive L 

of min D(V\S) and that all edges between any of the subsets are of length at 

least L. This precludes the existence of any shortest s-to-v path of length less 

than D(v) for all such selected vertices. Please note how the result stated 

above can be viewed as a simple and clever modification of the fundamental 

result governing Dijkstra’s algorithm (that the vertex, v minimizing D(V\S) 

has D(v) = d(v) ).  

 

Using the above lemma, Thorup arrived at a preliminary algorithm, using 
2L . We now make a note on the notation that will be followed henceforth 
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regarding the shift operators. By x>>i, we denote the operation of shifting 

the binary representation of x by i bits to the right. Hence, we shall write 

 ix 2/  as x>>i. This enables us to emphasize the fact that it may be 

computed by simply shifting x by i bits to the right. Please note that 

iyixyx  and .   yxiyix   

 

Coming back to the algorithm, LSVDSVD i  )\( min)\( min is implied by 

.  S)\D(Vmin   )\D(V min i  S  Hence, we have now obtained a measure 

by which to bucket each of the vertex sets, iV . We can bucket each i 

according to . )\D(V min i S  As stated earlier, all vertices in the smallest 

indexed bucket qualify for inclusion into the set, S. By using a large value of 

 , we can also reduce the number of bucket to whatever limit we may wish 

for.  

 

Paraphrasing the above discussion, we observe the following points. 

 

1. We have an array B of buckets where i belongs to bucket, 

B( ). )\D(V min i S   

2. Suppose that x is the smallest index of a non-empty bucket. For all 

),(xBv we can visit vertex, v; that is, D(v) = d(v).  

 

Notes on the preliminary algorithm:  

 

1. On the number of buckets required: The maximum length of any path 

(of length <) is bounded from above by 
Ee

el )( . Hence, the 

maximum index (<) required for any bucket is bounded from above 

by 



Ee

el .)(  Hence, we require an array of  +2 buckets (0, 1, 

…,  , ). 

 

2. On the index, x of the smallest indexed bucket: Since min D(V\S) is 

non-decreasing ( as stated earlier), this in turn implies that min D(V\S) 

>>  is also non-decreasing. Hence, the value of x is also non-

decreasing.  
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4.2.1 A Preliminary Algorithm 

 

We are now ready to present Thorup’s preliminary algorithm [Thorup 99], 

which is based on the above discussion.  

 

Solves the SSSP problem where V is partitioned into kVV ,...,1 such that all 

edges across any two different subsets has length at least L= 2 .  

 

Step (1) Initialization:  

 
).,(  D(v) :{s}-V vallfor  0;  D(s) };{ vslsS   

 

 (We now create the +2 buckets, and initialize each of them to NULL.) 

 for i0,1,…, ,  , B(i) NULL.  

 

(We now insert the vertex, v minimizing each of the subsets into the     

corresponding bucket.) 

for i1,…,k, add i to B( ). )\D(V min i S  

 

Step (2) Growing the set S: 

 

(In this step, we select the vertices minimizing the indices belonging to the 

smallest indexed bucket, and add them to the set S. Along with each such 

addition, we relax all edges incident on the selected vertices. We also handle 

changes to the array of buckets that may accrue as a result of the addition 

and relaxation steps.) 

 

for x 0 to , 

 

 while B(x) NULL, 

   

  (we first pick the index of vertex subsets present in the smallest 

indexed 

                        bucket.)      

  pick iB(x) 

   

  (we now pick the required vertex from the vertex subset for 

adding to S.) 

  pick v SVi \ minimizing D(v) 
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  (now comes the relaxation step) 

  for all (v, w) S, w, E  

 

   let j be such that w jV  

   D(w)   min {D(w), D(v) + )},( wvl : if 

) )\D(V min j S is  

                                    thereby decreased, move j to B( ). )\D(V min j S  

  (we now add v to S, and make changes, if required to the bucket 

array.) 

  S S {v}: if min ( ) )\D(V min i S is thereby increased, 

move i to  

                        B( ). )\D(V min i S  

 

   

           

4.3 Introduction to the Pettie-Ramachandran Algorithm 

 

We can characterize Dijkstra’s algorithm through the following 

characterization that is independent of the actual steps involved in its 

execution.  

 

Property 4.2: Dijkstra’s algorithm finds a permutation s of the vertices 

such that, if s (u) < s (v), then d(s,u)  d(s,v). 

 

We can see that in order to generate a permutation of vertices satisfying 

Property 1, ) log ( nn comparisons. This is the inherent sorting bottleneck in 

Dijkstra’s algorithm which prevents it from having a worst-case linear 

execution time.  

 

Similarly, we can characterize all hierarchy-based algorithms independent of 

execution details.  

 

Let Cycles (u,v) be the set of all cycles containing vertices u and v. Let SEP 

(u,v) be defined as,  

SEP (u,v) = )( max min
Ee),(

el
vuCyclesC 
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For undirected graphs, SEP (u,v) is the length of the longest edge in the 

minimum spanning tree path between u and v. Please refer to [Pettie 03] for 

more details.  

 

Property 4.3: All hierarchy-based algorithms find a permutation, s such 

that if  

d(s,v)   d(s,u) + SEP (u,v), then s (u) < s (v).  

 

Note that while d(s,u) and d(s,v) depend on the choice of source, s, SEP 

(u,v) is independent of the choice of s. In the following section we shall 

examine the basics of the hierarchical method.  

 

 

4.3.1  Independence of sub-problems 

 

We now present some definitions and lemmas that serve as characterization 

of independence among problems encountered in the hierarchical approach.  

 

As before, we denote the source vertex by s, and the set of vertices and 

edges of the graph, G by V and E respectively. Let VX  be any subset of 

vertex set, V. We define ),( vsdX
as the distance between s and v in the sub-

graph induced by the vertices of X. Let I be any real interval. We also define 
IX as the set of vertices belonging to X whose distance from s lies within I. 

In other words, }.),(:{ IvsdXvX I   

 

Definition 4.4: Let X and S be sets of vertices and I be a real interval. We 

will call X as (S,I) - independent if ).,(),(, vsdvsdXv IXS

I


  

In other words, X is (S,I) – independent if we can determine the set IX by 

examining just the vertices belonging to .IXS  In the context of Dijkstra-

like algorithm, it means that all the information required for determination of 
IX is obtained through the D-values of vertices belonging to .IXS  Thus, 

the vertices of X having shortest distances lying in I, can be visited 

independently of other vertices having distances lying in I, providing a 

suitable condition for the development of a hierarchical algorithm.  

 

We next define a method to partition the vertex set into smaller sets, in a 

way that is compatible for utilizing the notion of independence defined 

above.  
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Definition 4.5: Let X be a set of vertices. The sequence ),...,,( 21 kXXX is 

called a t-partition of X, if it is a partition of X, and for all edges (u, v) where 

ji XvXu   and ,  with i > j, we have .),( tvul    

 

Paraphrasing Definition 4.5, all “backward” edges of the t-partition have 

their edge lengths lower bounded by t. Note that there is no restriction for 

the lengths of “forward” edges in the partition, thus leading to the 

asymmetric partition referred to earlier.  

 

We now state a lemma which will serve as a foundation for developing 

independent sub-problems.  

 

Lemma 4.6: Suppose that X is (S, [a, b)) – independent. Let 

),...,,( 21 kXXX be a t-partition of X; let I be the interval [a, min {a+t, b}); and 

let .....21

I

i

II

i XXXSS  Then,  

(1) 1iX is ),( ISi - independent.  

(2) X is )),[,( btaSk  - independent.  

 

The lemma follows from the definitions of (S, I) – independence and t-

partition given above. The proof can be found in [Pettie 03]. The divide-and-

conquer approach suggested by the above lemma is implemented in the 

algorithm through the construction of a “stratified hierarchy” (SH). In the 

following section, we discuss the features of a stratified hierarchy.  

 

 

4.4 Stratified Hierarchy (SH) 

 

4.4.1  Introduction 

 

We begin by describing certain features of a general hierarchy. A hierarchy 

is a rooted tree in which the leaves correspond exactly to the vertices of the 

original graph. In the ensuing discussion, we will use the term “node” to 

mean a node in the hierarchy we construct, and the term “vertex” to denote a 

node in the original graph in which the shortest paths are to be determined.  

 

An internal node, x of the hierarchy can be thought of as an induced sub-

graph xC on the descendent leaves of x. Thorup’s and Hagerup’s approach on 

the one hand, and the Pettie-Ramachandran approach on the other, differ in 
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the way the normalizing edge lengths are chosen. As explained earlier, the 

recursive application of a modification of Dinic’s idea using multiple 

normalizing edge lengths forms the basis of the hierarchical approach.  

 

We assign to each internal node, x of the hierarchy the value, NORM (x), 

such that if vxxx ,...,, 21 are the children of x in left-to-right order, then 

))(),...,(),((
21 vxxx CVCVCV  forms a NORM (x) – partition of ).( xCV  (on the lines 

of the t-partition defined earlier). 

 

Thorup (for undirected integer-weighted graphs) and Hagerup (for directed 

integer-weighted graphs) choose their NORM values from the set 0}2{ i

i . For 

the case of arbitrary real-weighted graphs, this can be suitably modified by 

choosing NORM values from the set 01 }2.{ i

il , where 
1l is the smallest edge 

length in the graph. The approach developed by Pettie and Ramachandran 

differs in the fact that the hierarchy constructed is a stratified hierarchy with 

different normalizing edge lengths used for particular strata as opposed to 

using only a single normalizing edge length, namely 
1l . 

 

 

4.4.2  Structure of the Stratified Hierarchy 

 

We now define the structure of the stratified hierarchy. Let mll ,...,1 be the 

edge lengths of the graph in sorted order. The normalizing edge lengths 

chosen in the Pettie-Ramachandran algorithm are }.{} .2:{}{ 11  jjj lnlll  

In other words, every normalizing edge length is much larger than all shorter 

edge lengths. Based on this definition, we can generate a set of normalizing 

edge lengths for any given input graph, each of which corresponds to a 

stratum in the hierarchy. Within each stratum, we have various levels. Let 

kr
l be the thk smallest normalizing edge length. Then for stratum k, we have 

levels ranging from zero to the maximum i such that 
kr

l . i2 <
.1kr

l  

 

For each internal node we define its NORM value as follows: if x is a 

stratum k, level i node, then NORM (x) = 12. i

rk
l . 

 

Each SH node corresponds to a strongly connected component (SCC) { a 

maximal subgraph where any vertex is reachable from any other} restricted 

to edges with lengths less than 2.NORM (x). A node x is an ancestor of node 
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y, if x has a larger stratum/level and ).()( xy CVCV  Node x is called 

“irrelevant” if )()( xy CVCV  for some descendent .xy  We will represent 

only the relevant nodes in the SH that we will construct. The parent of a 

node is its nearest relevant ancestor. The children of a node, x are those 

identifying x as their parent. The definitions above have been obtained from 

Sett Pettie’s paper. Please refer to the same for an example input graph and 

the construction of its stratified hierarchy.  

 

By C

xC we denote the graph obtained by contracting the SCCs corresponding 

to the children of node x, and retaining only those edges with length less 

than NORM (x).  

 

It is easily observed that C

xC is acyclic. Suppose for the sake the sake of 

contradiction that C

xC is cyclic. Since we have already contracted the SCCs 

corresponding to the children of node, x, the existence of a cycle containing 

only edges with length less than NORM (x) implies that two or more SCCs 

corresponding to the children of x can be merged to obtain a larger SCC. 

This contradicts the very definition of a SCC, and hence it is proved that 
C

xC is acyclic.  

 

Note that the nodes of C

xC correspond to the children of node, x and vice 

versa. Thus, we can refer to a child of x as a node, v (V C

xC ). 

 

We will now observe how the children of x form a NORM (x) – partition of  

)( xCV  as was claimed while defining the stratified hierarchy. Let the 

children of x be arranged topologically sorted in a left-to-right order. (This is 

possible since C

xC is acyclic; and owing to the fact that all acyclic graphs 

have a topological sorting on their vertices and vice versa.) 

 

Let y and z be children of x with y being to the left of z in the stratified 

hierarchy (in other words, y occurs before z in a topological sorting of the 

vertices of C

xC ). It is easily deduced that if (u,v) is an edge such that 

u )( zCV and v ),( yCV then ),( vul NORM(x). Assuming for the sake of 

contradiction that ),( vul is less than NORM(x), then there exists an edge of 

length less than NORM (x) from zC to yC . This implies that the order of the 

topological sorting is incorrect or alternatively that C

xC is cyclic. Hence, we 

arrive at a contradiction, thus proving our claim that ),( vul NORM(x).  
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Extending the preceding discussion, we arrive at a more general version of 

our claim that leads us to a very significant result in the context of the 

hierarchical algorithm.  

 

Lemma 4.7:  

Let SHx , and vxx ,...,1 be the children of x in left-to-right order. Then 

))(),...,(),((
21 vxxx CVCVCV  forms a NORM (x) – partition of ).( xCV  

 

The diameter of a graph is the length of the longest shortest path over all 

pairs of vertices. That is DIAM (G) = ),( max
,

vud
Vvu 

, where d(u,v) is the shortest 

distance between u and v. For the stratified hierarchy, we have the following 

result:  

 

DIAM ( .2 ) xC NORM (x). (| |)( C

xCV -1) + 
 C

xCy

DIAM ( )yC . 

We now present some other results to summarize the properties of SH. We 

refer the reader to Seth Pettie’s paper for details of proofs.  

 

 

Lemma 4.8:  

 

(1) SH has a single root, denoted ROOT (SH).  

 

(2) If x is the parent of y, then either NORM (x) is a multiple of NORM 

(y), or DIAM ( )yC .< NORM (x). 

 

(3) .12  |)(| 


nCV
SHx

C

x  

 

(4) For any x SH , 
)(

)(

xNORM

CDIAM x < 2n. 

 

(5) 
SHx )(

)(

xNORM

CDIAM x < 4n. 

 

(6) .
k

4n
  |k}  

)(

)(
 :SH  {| 

xNORM

CDIAM
x x  
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(7) SH is constructible in O(m log n) time.  

 

 

 

4.5 Concluding Remarks  

 

We have observed how the hierarchy-based approach has contributed to a 

new line of thinking viz a viz the shortest path problem. The Pettie-

Ramachandran approach is also based on the same component-hierarchy 

technique, though it differs significantly from the approach outlined by 

Thorup and Hagerup with respect to the actual structure of the hierarchy. By 

opting for a stratified hierarchy, the new approach improves upon its 

predecessor by selecting a different normalizing edge length for each 

stratum. In contrast, both Thorup and Hagerup use just the smallest edge 

length as a normalizing value. Additionally, while Thorup’s approach was 

developed for the RAM model, the Pettie-Ramachandran algorithm works in 

the comparison-addition model.  

 

A problem encountered while developing algorithms for the shortest path 

problem is the inherent sorting bottleneck which prevents further 

improvements in running times. An approach that is able to circumvent the 

sorting bottleneck would be of high value for shortest path algorithms. Such 

an approach could result in improved running times akin to the manner in 

which a recursive implementation of Dinic’s idea led to an improvement 

over Dijkstra’s algorithm.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 



32 

 

       Chapter 5 
      

      Randomized algorithms for MST and MSF Problems 

 
5.1 Introduction 

 

Klein, Tarjan and Karger presented a linear-time randomized algorithm to 

find the minimum spanning tree of a weighted connected graph. The 

algorithm uses random sampling along with a linear-time minimum 

spanning tree verification algorithm. The algorithm uses the unit-cost 

random access machine as the computational model.  

 

The algorithm finds the minimum spanning forest (MSF) of a given possibly 

disconnected graph in expected linear time. The Cycle and Cut Properties 

are used in the algorithm in a very fundamental way. In the succeeding 

discussion, we assume that all edge weights are distinct. In the contrary case, 

we can always number the edges, and accordingly break ties among equal 

weight edges on the basis of the numbering. Hence, we may as well assume 

distinctness of edge weights. This assumption ensures the uniqueness of the 

minimum spanning tree.  

 

 

Prior to our discussion of the algorithm due to Karger, Klein and Tarjan 

[KKT 95], we would embark on a discussion on the algorithm by Klein and 

Tarjan [KT 94]. The algorithm presented in [KKT 95] is based on the one 

developed in [KT 94], which is in turn based on the algorithm by Karger, 

[Karger 93] in which an expected time bound of O(m + n log n) was 

obtained.  

 

 

5.2 A randomized MST algorithm  

 

We now describe the randomized linear-time algorithm to find a minimum 

spanning tree in a connected, weighted graph. The algorithm is based on the 

one proposed by Karger in [Karger 93]. The computational model used is the 

unit-cost random access machine, with the constraint that the only operation 

allowed on edge weights are binary comparisons.  
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We begin with a review of the notation that will be followed henceforth. If F 

is a forest in G, then F(x,y) denotes the path (if any) between x and y in F. 

We use the notation ),( yxlF
to denote the length of the maximum weight 

edge in F(x,y). If F(x,y) does not exist, then ),( yxlF
=  .  

 

Definition 5.1: An edge (x,y) is defined to be F-heavy if ),(),( yxlyxl F , and 

is F-light otherwise. 

 

No F-heavy edge can be a part of the MSF of G. This follows from the Cycle 

Property (the F-heavy edge being the heaviest edge in the cycle containing 

vertices x and y). Additionally, all edges of F are F-light. The computation 

of F-heavy edges of a graph G can be performed in time linear in the number 

of edges of G, that is in O(m) time, using adaptations of MST verification 

algorithms of King [King 95] and Dixon et al [DRT 92].  

 

5.2.1 Random Sampling Lemma:  

Let H be a sub-graph obtained from G by including each edge independently 

with probability p, and let F be the minimum spanning forest of G. Then the 

expected number of F-light edges is n/p, where n is the number of vertices of 

G.  

 

Proof: Beginning with H and F empty, process the edges of G in increasing 

order of weight. The method will simultaneously construct H and F using the 

idea behind Kruskal’s algorithm. To process an edge, first test whether both 

end points of the edge are in the same connected component of F. If so, then 

the edge is F-heavy owing to the fact that all edges previously added to F are 

lighter than the present one. For the complementary case, the edge is F-light. 

Now, flip a coin which has a probability p of coming up heads. If the result 

is a tail, discard the edge; else include the edge in H and if the edge had also 

been determined to be F-light include it in F. The forest F constructed is 

exactly the same as would have been constructed on applying Kruskal’s 

algorithm to the sub-graph H, and hence is the MSF of H as required.  

 

An edge that is once determined to be F-light will remain that way until the 

end of the computation. This is because all succeeding edges added to F 

after processing this particular edge have greater weight than the processed 

edge. Similarly, an edge determined to be F-heavy remains that way until the 

end of the computation, since we are only ever adding edges to F and never 
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deleting any. Hence, the path F(x,y) that caused edge (x,y) to become F-

heavy will still cause (x,y) to remain so.  

Since we are interested in a probabilistic bound on the number of F-light 

edges of G, we will not be concerned with edges that are determined to be F-

heavy at the beginning of the computation. Suppose that for edges that have 

been determined to be F-light, the coin flipped to govern inclusion into H 

and F is a nickel, while for F-heavy edges the coin flipped is a penny. We 

want to place an upper bound on the number of nickels flipped during our 

computation since that naturally corresponds to the number of F-light edges 

in G.  

 

The maximum possible number of edges in F is n-1. Hence, there can be at 

most n-1 nickel flips that turn out to be heads. Let Y be the total number of 

nickels flipped until we get n heads. Then Y is the required upper bound on 

the number of F-light edges. The probability of a nickel flip coming up 

heads is p. Hence, the random variable Y is governed by a negative binomial 

distribution with parameters n and p. Consequently, the expected value of Y 

is n/p, or in other words the expected number of F-light edges is at most n/p.  

 

 

5.2.2 Steps of the randomized algorithm  

 

The algorithm uses the two properties of minimum spanning trees- the cycle 

property and the cut property, in a fundamental way to discard and add 

edges respectively to the minimum spanning forest. In correspondence to the 

cut property is the use of Boruvka Steps [Boruvka 26] to contract the graph, 

and finding edges to include in the minimum spanning forest. In 

correspondence with the cycle property is the discarding of F-heavy edges 

making use of the random sampling lemma stated above. The algorithm also 

makes use of the modified Dixon-Rauch-Tarjan verification algorithm to 

achieve a linear running time for the sampling step.  

 

We first describe what is meant by a Boruvka Step. For each vertex, we 

select the minimum weight edge incident on it. All selected edges are then 

contracted, and all self-loops and isolated vertices are removed. 

Additionally, all but the lightest among a set of multiple edges are removed.  
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Remarks on Boruvka Steps:  

 

1. All contracted edges are necessarily a part of the minimum spanning 

forest. Each such edge can be viewed as a light edge crossing the cut 

comprising the single incident vertex on the one side, and all 

remaining vertices on the other.  

 

2. Each Boruvka Step reduces the number of vertices by at least a factor 

of two. The worst case- where the reduction is exactly by a factor of 

two, is obtained when edge is selected twice (once from each of its 

end vertices). In all other cases, the reduction is by a factor greater 

than two. Hence, a Boruvka Step significantly reduces the size of the 

original problem, and successive application of Boruvka Steps, as will 

be observed in the algorithm, can lead to a significantly smaller 

problem.  

 

3. On contracting an edge, isolated vertices that may be obtained 

correspond to connected components of the resulting minimum 

spanning forest. For sets of multiple edges generated, we are only 

interested in retaining the lightest edge. Lastly, self-loops are 

irrelevant in case of minimum spanning forests as on expansion of the 

contracted edges such self-loops in the contracted graph lead to loops 

in the minimum spanning forest, which is clearly not permissible.  

 

The algorithm proceeds as follows:  

 

Step (1). Apply a single Boruvka Step to the input graph.   

 

Step (2). On the basis of the density of the contracted graph obtained from 

Step (1), we have two cases.  

 

If the density (ratio of number of edges to number of  vertices) is less than 6, 

go directly to Step (3).  

 

Else, i.e. if the density of the remaining graph is at least 6, then proceed as 

follows: 

 

2.1 Construct a sub-graph H by including each edge of G independently with 

probability, p=1/2. 
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2.2 Apply the algorithm recursively to H, computing the minimum spanning 

forest, F of H. Find and delete all the F-heavy edges in G.  

2.3 Proceed to Step (3).  

 

Step (3). To the remaining graph (i.e. after Steps (1) and (2)), apply the 

algorithm recursively to obtain a minimum spanning forest, F’.  

 

The minimum spanning forest of the original graph, G consists of the edges 

of F’ in addition to all the edges contracted in Step (1). Return these edges 

as the required Minimum Spanning Forest.  

 

 

5.3 Analysis of the algorithm 

 

If we exclude the recursive calls from our analysis, the remaining steps 

contribute to a linear time complexity (linear in the number of edges, m). 

This is easily observed by inspecting the individual steps of the algorithm.  

 

Step (1). The Boruvka Step takes O(m) time using standard methods. This 

can be seen as follows. In a Boruvka Step, we are required to find the 

minimum weight edge incident on each vertex. This entails finding the 

minimum from the list of edge weights of edges incident on each vertex. 

Summing over all vertices, we have to find minima for each of n lists (one 

for each vertex), with the combined size of all the lists totaling to twice the 

number of edges. (This is because each edge gets entered into two lists- one 

for each of its end vertices). Hence, a Boruvka Step takes O(m) time.  

 

Step (2). This step takes O(m) time using the modified Dixon-Rauch-Tarjan 

verification algorithm.  

 

For our analysis, let cm be an upper bound on the time spent by the 

algorithm, excluding recursive calls.  

 

We now concentrate on bounding the time spent in the recursive sub-

problems. We have two cases here (corresponding to the condition in Step 

(2)). Let 0m  and 0n  be the number of edges and vertices respectively in the 

contracted graph after Step (1). If the density ( 0m / 0n ) is less than 6, we have 

only one recursive sub-problem, else we have two recursive sub-problems.  
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5.3.1 Expected-time analysis 

 

Let T(m) be the expected time for a worst-case graph with at most m edges. 

We employ induction to prove that cmmT 7)(  . The basis is trivially 

satisfied.  

 

Induction step: We consider two cases.  

 

Case 1: The density, 0m / 0n of the contracted graph is less than 6. In this 

case, we have only one recursive sub-problem- the one in Step (3). We 

therefore need to compute an upper bound on the number of edges in the 

graph remaining after Step (1).  

 

In a single Boruvka Step, at least  2/n  edges are contracted, and hence at 

most  2/n  vertices remain. In other words,  2/0 nn   and  2/0 nmm  . 

(This is because, in the extreme case, each of the contracted edges will be 

selected twice- once from each end vertex.) From the above inequalities, we 

can obtain another upper bound: 00 nmm  .  

 

Now 0m / 0n <6; therefore we obtain the following inequality: 0m  < m – 0m /6, 

or 0m  < 6m/7. Hence, in the recursive sub-problem in Step (3), we are 

invoking the algorithm on a graph with at most 6m/7 edges. Also, since the 

number of edges, 0m  in the contracted graph is less m, the inductive 

hypothesis also holds true for the sub-problem. In other words, 

).7/6.(7)7/6( mcmT  = 6cm. Hence, .76)( cmcmcmmT   

 

Hence, for this case, we have proved by induction that cmmT 7)(  . 

 

Case 2: The density of the contracted graph is at least 6. In this case, we 

encounter two recursive sub-problems: one on the random sample graph, H, 

and one on the graph consisting of F-light edges of the contracted graph.  

 

For sample graph H: The number of edges in the contracted graph is at most 

m-1. We include an edge independently in H with probability one-half. 

Hence, the expected number of edges in H is at most (m-1)/2. Now, the 

number of edges in the contracted graph is less than m. Consequently, the 

number of edges in H is less than m, and we can apply the induction 
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hypothesis to H. Therefore, cXXT 7)(  , where X is the number of edges in 

H. Hence, T(X) is at most 7cm/2.  

 

For graph of F-light edges: Let Y be the number of F-light edges in the 

contracted graph. Now, from the sampling lemma, we obtain that the 

expected value of Y is at most twice the number of vertices in the input 

graph (which is the contracted graph from Step (1)). Also, .6/6/00 mmn   

Hence, .3/2 0 mnY   Since the number of edges in the contracted graph is 

less than m, therefore the number of F-light edges is less than m, and hence 

we can apply the inductive hypothesis to this graph. Hence, .3/7)( mYT   

 

Therefore, the overall running time, T(m) is at most cm + 7cm/2 + 7cm/3 = 

41cm/6   7cm.  

 

Hence, we have proved by induction that the expected running time is O(m) 

for both cases.  

 

 

5.3.2 Worst-case Analysis 

 

Let X denote the number of edges in the random sample graph, H; and Y 

denote the number of F-light edges remaining in the graph after deletion of 

F-heavy edges. 

 

Suppose that 0m / 0n is at least 6. We will now bound from above the 

combined size of the two recursive sub-problems. The maximum number of 

F-light edges in H is n0-1. Consider the set of edges, 0m . The sets 

represented in value by X and Y are subsets of this set; and their intersection 

consists of at most n0 edges. Consequently, we have 00 )1( mnYX   or 

mnmYX  100 . 

 

We can now bound the worst-case number of recursive invocations in an 

execution of the algorithm. Let I(m) denote the worst-case number of 

recursive invocations. We have: 

 
1)1( I  

}:)()(max{1)( myxyIxImI   for m>1.  
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It is easily verified by induction that mmI )( . This provides a useful bound 

on the maximum number of recursive invocations possible. 

 

We now turn to the worst-case running time, T(n,m) of the algorithm on a 

graph of at most m edges and n vertices. We can have two recurrences for 

T(n,m). 

 

First, we have the following recurrence: 

 

    1.nfor  }:),2/(),2/(max{)(),(

)(),1(





myxynTxnTmOmnT

mOmT
 

 

Remarks:  

Step(1) takes O(m) time for a graph on m edges. For Steps (2) and (3), the 

maximum number of vertices is upper bounded by n0, which is at most 

 2/n . Using the inequality obtained earlier on the combined size of the two 

recursive sub-problems, we can easily obtain the above recurrence.  

 

It can be verified by induction that T(n,m) = O(m log n) is a solution of the 

recurrence equations. Hence, we have T(n,m) = O(m log n) = O(m log m). 

 

Alternatively, we can have a recurrence as a function only of n, based on the 

fact that since none the graphs (neither the input graph (Step (1)) or the 

random sample graph (Step (2)) or the graph of F-light edges (Step (3))) has 

multiple edges, the number of edges in each graph is of the order of the 

square of the number of vertices. That is,  

 

  1nfor  ),2/(2)(),(

)1(),1(

2 



mnTnOmnT

OmT
 

 

Remarks: 

 Each of the recursive sub-problems can have at most  2/n  edges. Since we 

are using the number of vertices itself to obtain an upper bound on the 

number of edges, we may leave the number of edges in the sub-problems as 

m itself in the recurrence.  

 

Using induction, the above recurrence yields an upper bound, T(n.m) = 

O( 2n ).  
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Combining the two bounds obtained above, we have the following upper 

bound for T(n.m):  

 

})log ,(min{),( 2 mmnOmnT   

 

Thus, the worst-case running time of the randomized algorithm has the same 

bound as that of Boruvka’s algorithm. 
 

 

5.3.3 High-probability Analysis 

 

We will now prove that the algorithm runs in time linear in the number of 

edges with high probability (it has a greater than linear running time with an 

exponentially small probability).  

We carry over the notations of X and Y from the earlier sub-sections.  

 

Consider the case where density of contracted graph is at least 6. Now, X is 

binomially distributed with mean 2/2/0 mm  . By a Chernoff bound on the 

tail of the binomial distribution, the probability that )1(2/ 1 mX  is 

exponentially small: exp (- ))(m  for any constant 01  . Putting 
1 =1/10, 

we have X>11m/20 with probability exp (- ))(m . 

 

As shown earlier, the probability that Y exceeds k is upper bounded by 




0

0

),()2/1(
n

i

k ikC . This is exactly the probability of at most 0n heads occurring 

in a sequence of k flips of an unbiased coin. Taking )1(3/ 2 mk , the 

bound on the tail of the binomial distribution implies that the probability of 

Y exceeding k is exponentially small. Putting ,20/12  we obtain that 

Y>7m/20 with probability exp (- ))(m . 

 

In case the density of the contracted graph is less than 6, the sub-problem 

encountered in Step (3) contains at most 6m/7 edges.  

 

We will now introduce a few terms that will simplify the analysis of the 

algorithm. An invocation of the algorithm is termed a “failure” if Step (2) is 

executed, but X>11m/20 or Y>7m/20. The probability of either of the two 

cases that could lead to failure is exp(- ))(m . Hence, the probability of 

failure is also exponentially small, exp(- ))(m . 
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An invocation of the algorithm is termed “large” if the number of edges in 

the graph is greater than a parameter, r. It will be shown that with high 

probability no large invocation of the algorithm will fail. This will serve as 

the basis for the high-probability analysis of the algorithm.  

 

The sketch for proving the high-probability non-failure of large invocations 

is as follows. The probability of failure of a particular large invocation is 

exp(- ))(r  as has been observed earlier. Now, as was shown in the worst-

case analysis, the number of recursive invocations is upper bounded by m. 

Hence, there can at most be m large invocations. Therefore, the probability 

of even one large invocation failing is upper bounded by 

)).(exp())(exp( )))(exp(1(1 rrmr m   We will later define a relevant 

value for r.  

 

Let A(m) denote the running time of the algorithm on a graph of at most m 

edges assuming that no large invocation fails. From the above paragraph, it 

can be seen that computing A(m) will satisfy the objective of performing 

high-probability analysis.  

 

We arrive first at a simple recurrence based on what has been observed 

earlier.  

 

r.m if    )}7/6( ),20/7()20/11(max{cA(m)

rm if   log)(

1

0





mAmAmAm

mmcmA
 

 

From the above it can be proved that ,log10)( 1

01 rrmcmcmA   where 1  

is a suitable positive constant.  

 

Proof: For the case where rm  , the conclusion follows directly from the 

base case of the recurrence. ( i.e. rrmcmmc loglog 1

00

 ).  

 

For the case where m > r. Consider the expression, A(11m/20). 

 

.log)5/3(2/11log)20/11()20/11(10)20/11( 1

01

11

01 rrmcmcrrmcmcmA    ..(1

) 

We obtain the inequality 1)20/11(  (3/5) by suitably choosing .  
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Similarly,  

 

….(2) 

 

(for a suitably chosen )  

 

and,  

 

01 7/60)7/6( cmcmA  rrm log1  .          ….(3) 

 

From inequalities (1) and (2), we obtain: 

 

019)20/7()20/11( cmcmAmA  rrm log1  . 

 

On adding mc1
to both sides, we can observe that the aforementioned bound 

is satisfied.  

 

Similarly, from inequality (3), we obtain:  

 

mcmA 1)7/6(   rrmcmc log10 1

01

 . 

 

Hence, using the  high-probability result on the non-failure of “large” 

invocations, we have obtained an upper bound on the running time of the 

algorithm.  

 

If in the original graph, we have m>r, this would imply a high-probability 

linear running time for the algorithm. (The mc1
 term dominates the running 

time.) Choosing ,log/ /1 mmr   we see that the algorithm runs in linear time 

with high probability.  

 

 

 

 

 

 

 

 

 

rrmcmcmA log)5/2(2/7)20/7( 1

01
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5.4 Another randomized algorithm 

 

We shall now describe the algorithm presented in [KKT 95]. 

 

5.4.1 Steps of the second randomized algorithm:  

 

We now list the steps in the Karger-Klein-Tarjan algorithm. For the base 

case, if the graph is empty, an empty forest is returned. For non-empty 

graphs, the following steps are followed.  

 

Step (1). Apply two successive Boruvka Steps to the graph. This reduces 

the number of vertices by at least a factor of four.  

 

Step (2). From the contracted graph obtained from Step (1) generate a 

sub-graph H by including in H each edge of G independently with 

probability p=1/2. Apply the algorithm recursively to H, producing a 

minimum spanning forest, F of H. Find all F-heavy edges (both those in 

H, and those not in H) and delete them from the contracted graph.  

 

Step (3). Apply the algorithm recursively to the remaining graph to 

compute a minimum spanning forest F’. Return the edges contracted in 

Step (1) together with the edges of F’.  

 

Remarks:  

 

(1). This algorithm has a simpler structure as opposed to the one presented 

earlier [KT 94]. This allows for a much more streamlined analysis in the 

absence of myriad cases based on the density of the contracted graph.  

 

(2). Interestingly, in [KT 94], the authors do mention that the random-

sampling step (Step (2)) may be performed unconditionally; but additionally 

state that “The running time analysis becomes more complicated if this 

change is made, however.” 

 

(3). The algorithm differs from the one in [KT 94] on two counts. Firstly, we 

apply two Boruvka Steps instead of one (Step (1)). Secondly, the 

conditionality of Step (2) (which was based on the density of the contracted 

graph) is eliminated in this algorithm. Further, the analysis given, though 

following on the lines of [KT 94], is simpler than its predecessor.  
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We shall now give a worst-case as well as expected-time analysis of this 

second algorithm.  

 

 

5.5 Analysis of the algorithm  

 

For the purpose of analysis, we shall make use of a binary tree 

representation of the recursive sub-problems generated during the course of 

the algorithm. The root of the binary tree is the initial problem. The left child 

of any node corresponds to the sub-problem encountered in Step (2), while 

the right child represents the sub-problem encountered in Step (3). Each 

problem can have at most two recursive sub-problems (a problem may have 

lesser if either of Steps (2) or (3) is executed on an empty graph).  

 

Since two Boruvka Steps form the first step of the algorithm, each of the 

recursive sub-problems act upon graphs that have at most one-fourth of the 

vertices in the graph for the parent problem. From this we can conclude that 

the depth of the binary tree is at most .log 4 n  Additionally, there are d2  nodes 

at depth d, and each node at a depth, d represents an invocation on a graph 

with at most dn 4/  vertices.  

 

We can also bound the total number of vertices and edges encountered in all 

the problems represented in the binary tree. There are at most 

 









0 0

.22/4/.2
d d

ddd nnn  Similarly, the number of edges is bounded from 

above by 


0

2 .2/)4/.(2
d

dd n  (This follows from the fact that a graph without 

any multiple edges has at most n(n-1)/2 edges, where n is the number of 

vertices in the graph.) Thus the total number of edges has an )( 2nO upper 

bound.  

 

 

5.5.1 Worst-case Analysis 

 

From the above result on the worst-case upper bound on the total number of 

edges encountered in all invocations of the algorithm, )( 2nO  is a valid worst-

case running time for the algorithm.  
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It can also be observed that the total number of edges of any sub-problem 

does not exceed the number of edges of the parent problem. Of all the edges 

of the parent problem, at least v/2 edges contracted through a single Boruvka 

Step (hence precluding their presence in any of the two recursive sub-

problems), the remaining edges are distributed among the left and right 

children with most v/4 – 1 edges being common to both children.  

(The MSF for Step (2) is on at most v/4 vertices and hence, there can at most 

be v/4 -1 F-light edges which carry over to Step (3)). Hence, the individual 

number of edges of each of the two children in addition to the v/2 edges 

eliminated in Step (2) can never exceed the number of edges in the parent 

problem plus the v/4 – 1 common edges. Hence, the number of edges of the 

two children is less than or equal to that of the parent.  

 

There are log n levels, and each depth can have at most m edges. Hence, the 

worst-case running time can also be expressed as O(m log n).  

Therefore, the worst-case running time of the algorithm is }),log,(min{ 2 nmnO  

the same as that for Boruvka’s algorithm.  

 

 

5.5.2 Expected-time Analysis 

 

For the expected-time analysis, the binary tree will be partitioned into left 

paths. A left path contains a single right child and all nodes reachable from 

this node by a path of left children. The path formed by considering the root 

node as the source node of the path (instead of a right child) is also a left 

path. Please note that any particular node is included in only one left path 

(since it can have only one parent).  

 

The expected number of edges in a left child is at most half the number of 

edges in the parent problem. This is easily observed since each edge that is 

not removed in Step (1) has a probability of ½ of being selected in Step (2). 

Hence, if X represents the number of edges in the parent problem and Y the 

number of edges in its left child, then  

E[Y|X=k]   k/2. By linearity of expectations, we obtain that E[Y]   E[X]/2.  

 

Using this, we can find the expected number of edges in any left path of the 

binary tree. Assuming that the source node of the left path (root or right 

child) has k edges, the expected number of edges in the corresponding path 

is kk
i

i 22/
0






.  
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To estimate the total number of edges in all invocations, we now need to 

find the total number of edges in all right sub-problems. This can be 

obtained using the random sampling lemma proved under the [KT 94] 

algorithm. With p = ½ , the expected number of edges in a right sub-problem 

is at most twice the number of vertices in the sub-problem. From this, we 

obtain that the total number of edges in all right sub-problems is expected to 

be at most 






1

1 4/.2.2
d

dd n  = n. Therefore, the total number of edges is twice 

the sum of edges in the root problem and all right sub-problems, i.e. 2(m+n).  

 

Hence, the expected-time analysis yields a linear O(m) running time for the 

randomized algorithm.  

 

 

5.6 Concluding Remarks and Open Problems 

 

The two algorithms presented above are randomized expected-linear time 

algorithms displaying a non-linear time with an exponentially small 

probability. Additionally, the two algorithms run in the restricted random 

access machine (RAM) model: the unit-cost RAM is used, but with the 

restrictions that binary comparisons are the only allowable operations on 

edge-weights.  

 

The use of randomization for the case of the MSF (and MST) problem has 

enabled improvements over the standard MSF algorithms (which display an 

expected running time of O(m log n)). Thus, we are given to believe that 

similar use of randomization for other long-standing problems in algorithmic 

graph theory would result in more efficient algorithms.  

 

We note here the three open problems that the authors of [KT 94] and [KKT 

95] considered worthy of mention.  

 

1. The possibility of a deterministic linear-time MSF algorithm using the 

same restricted RAM model.  

 

2. The possible use of randomization in the simplification of the linear-

time verification algorithm. Note that any such simplification would 

aid in the implementation of the [KKT 95] algorithm since it utilizes 
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the verification step (Dixon-Rauch-Tarjan) as part of the random 

sampling step (Step (2)).  

 

3. The possible use of randomization to “fruitfully” solve other network 

optimization problems, such as the shortest path problem. Since 

Thorup invented the hierarchy-based approach in 1997, a lot of 

research in the shortest path problem has been based on the 

component hierarchy method.  
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